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Abstrat
More than two multipartite orthogonal states annot always be disriminated (with er-
tainty) if only loal operations and lassial ommuniation (LOCC) are allowed. Using an
existing inequality among the measures of entanglement, we show that any three Bell states
annot be disriminated by LOCC. Exploiting the inequality, we alulate the distillable en-
tanglement of a ertain lass of 4⊗ 4 mixed states.
Nonorthogonal states annot be disriminated with ertainty. This is essentially the No-loning
theorem [1℄. However disrimination with ertainty is not guaranteed even for multipartite or-
thogonal states, if only loal operations and lassial ommuniation (LOCC) are allowed. Given
a set of multipartite orthogonal states, at present it is not always possible (without further study)
to say whether they an be disriminated (with ertainty) or not, where only LOCC are allowed.
A landmark result was obtained in [2℄, where it was shown that any two multipartite orthogonal
states an be distinguished with ertainty by LOCC. Reently Virmani et al. [3℄ have shown that
for inonlusive disrimination of any two multipartite pure nonorthogonal states, the optimal
probability of error an be attained by using LOCC only. Chen and Yang [4℄ have shown that the
same is true even in the ase of onlusive disrimination. In this paper we solve the question of
distinguishability (with ertainty) of any set onsisting of the Bell states. It was noted in [2℄ that
if two opies of a state are provided whih is known to be one of the four orthogonal Bell states
|B1〉 = 1√
2
(|00〉+ |11〉) ,
|B2〉 = 1√
2
(|00〉 − |11〉) ,
|B3〉 = 1√
2
(|01〉+ |10〉) ,
∗
res9603isial.a.in
†
gkarisial.a.in
‡
res9708isial.a.in
§
aditisendeinyahoo.o.in
¶
ujjwalsenyahoo.o.in
1
|B4〉 = 1√
2
(|01〉 − |10〉) ,
one an disriminate between them using LOCC only. Analysing the properties of the unlokable
bound entangled state
1
4
∑4
i=1 P [|Bi〉 |Bi〉] [5℄, it follows that this is not possible if only a single
opy is provided. We show that it is not possible to disriminate between any three Bell states if
only a single opy is provided and if only LOCC are allowed. That two Bell states an be distin-
guished follows from the result in [2℄. Throughout the paper we expliitly onsider disrimination
with ertainty.
Suppose now that it is possible to disriminate (with ertainty) between the four Bell states using
only LOCC. Assume that there is a four-party state
ρS =
1
4
4∑
i=1
P [|Bi〉AB |Bi〉CD]
shared between Alie, Bob, Claire and Danny [5℄. If the four Bell states are loally distinguish-
able, Alie and Bob would be able to disriminate between them without meeting. A lassial
ommuniation would then result in Claire and Danny sharing 1 ebit. As Alie and Bob did not
meet, this would ontradit the fat that ρS is separable in the AC : BD ut as it an be written
as
1
4
∑4
i=1 P [|Bi〉AC |Bi〉BD]. This proves that it is not possible to disriminate (with ertainty)
between the four Bell states, when only a single opy is provided.
We now proeed to prove this result for three Bell states.
The relative entropy of entanglement for a bipartite quantum state σ is dened by [6℄
Er(σ) = min
ρ∈D
S(σ ‖ ρ)
where D is the set of all separable states on the Hilbert spae on whih σ is dened, and S(σ ‖
ρ) ≡ tr{σ(log2 σ − log2 ρ)} is the relative entropy of σ with respet to ρ.
Consider now the state
ρ(3) =
1
3
3∑
i=1
P [|Bi〉AB |Bi〉CD]
where the Bell states involved are any three of the four. Let Er(ρ
(3)
AC:BD) denote the relative
entropy of entanglement of the state ρ(3) in the AC : BD ut. Then
Er(ρ
(3)
AC:BD) ≤ S
(
ρ
(3)
AC:BD ‖
1
4
4∑
i=1
P [|Bi〉AC |Bi〉BD]
)
= 2− log2 3 < 1
But distillable entanglement is bounded above by Er [7, 8℄. Consequently the distillable entangle-
ment of ρ(3), in the AC : BD ut, is stritly less than unity [9℄.
Suppose now that it is possible to disriminate (with ertainty) between any three Bell states
when only LOCC are allowed. So, if Alie, Bob, Claire and Danny share the state ρ(3), then
Alie and Bob, without meeting, would again be able to make Claire and Danny share 1 ebit of
distillable entanglement. And again we reah at a ontradition. Therefore even three Bell states
are not loally distinguishable with ertainty. Here we remark that the state ρ(3) an also be alled
`unlokable' [5℄ in the sense that it would not be possible to produe 1 ebit between C and D when
A and B are separated although 1 ebit an be generated between C and D when A and B omes
together.
We now show that the above method an be employed to alulate the distillable entanglement,
in the AC : BD (or AD : BC) ut, of any state of the form
ρ′(2) =
1
2
P [(a |00〉+ b |11〉)AB |B1〉CD] +
1
2
P
[
(b |00〉 − a |11〉)AB |B2〉CD
]
2
where |a|2 + |b|2 = 1. As two orthogonal states an always be loally disriminated [2℄, one an
produe 1 ebit between C and D by operating loally on A and B. Thus the distillable entanglement
of the above state would at least be 1 in the AC : BD as well as the AD : BC ut. But the relative
entropy of entanglement (whih is an upper bound of the distillable entanglement [7, 8℄) of ρ′(2)
is 1 in these uts [11℄. Thus the distillable entanglement of the above state in the AC : BD (and
AD : BC) ut is 1. In partiular, the relative entropy of entanglement as well as the distillable
entanglement of the state
ρ(2) =
1
2
2∑
i=1
P [|Bi〉AB |Bi〉CD]
is 1 in the AC : BD (and AD : BC) ut.
Let us now summarize the results. The fat that the state
1
4
∑4
i=1 P [|Bi〉 |Bi〉] is separable in all
4 ⊗ 4 uts, implies that if only a single opy is provided and only LOCC are allowed, it is not
possible to disriminate with ertainty among the four Bell states. We show that even (any) three
Bell states annot be distinguished by LOCC, when only a single opy is provided. We prove this
by using an existing inequality of the entanglement measures. This inequality also helped us to
obtain the distillable entanglement of a ertain lass of 4⊗ 4 mixed states.
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